Using maximal element theorem, we prove some existence theorems for the two types of generalized vector quasi-variational-like inequalities with non-monotonicity and noncompactness.
Introduction and preliminaries
Let Y be a real Hausdorff topological vector space and X be a nonempty convex subset in a real locally convex Hausdorff topological vector space E. We denote L(E,Y ) the space of all continuous linear operators from E into Y and by u, y the evaluation of u ∈ L(E,Y ) at y ∈ E. Let σ be the family of all bounded subsets of X whose union is total in E, that is, the linear hull of ∪{S : S ∈ σ} is dense in X. Let β be a neighbourhood base of 0 in Y . When S runs through σ, V through β, the family
is a neighbourhood base of 0 in L(E,Y ) at x ∈ E (see [29, pages 79-80] ). By the corollary of Schaefer [29, page 80], L(E,Y ) becomes a locally convex topological vector space under σ-topology, where Y is assumed a locally convex topological space. Let intA and CoA denote the interior and convex hull of a set A, respectively. Let C : X → 2 Y be a set-valued mapping such that C(x) is a closed pointed and convex cone with intC(x) = ∅ for each x ∈ X. Let η : X × X → E and H : X × X → Y be vector-valued mappings, D : X → 2 X and T : X → 2 L(E,Y ) be two set-valued mappings, we introduced a new model of the generalized vector quasi-variational-like inequality, which is to findx in X such thatx ∈ D(x), and
∀y ∈ D(x), ∃v ∈ T(x) : v,η(y,x) + H(x, y) / ∈ −int C(x). (1.2) 2 Generalized vector quasi-variational-like inequalities
It is easy to see thatx is a solution of the problem (1.2) is equivalent tox in X satisfyinḡ x ∈ D(x), and
∀y ∈ D(x), T(x),η(y,x) + H(x, y) ⊆ −int C(x)
, (1.3) where T(x),η(y,x) = ∪ v∈T(x) v,η(y,x) . The following problems are the special cases of the problem (1.2). (i) If H(x, y) ≡ 0 for all x, y ∈ X, then the problem (1.2) reduces to findingx in X such thatx ∈ D(x), and
This problem was also called generalized vector quasi-variational-like inequality and studied with certain monotonicity by Ding [13] , and problem (1.4) contains as special cases the generalized vector variational-like inequality in [1, 2, 14, 15, 28] and the generalized vector quasi-variational inequality studied by Chen and Li [10] and Lee et al. [22] and those vector variational inequalities in [6-9, 11, 12, 16, 19-21, 23, 26, 30, 33-37] .
) is a zero operator, then the problem (1.2) reduces to the vector quasi-equilibrium problem, which is to findx in X such thatx ∈ D(x), and
Problem (1.5) includes the vector equilibrium problem researched by many authors (see [4, 5, 17, 24, 25, 27] ).
In this paper, we establish existence results of solutions for both problem (1.2) and problem (1.4) with non-monotonicity and non-compactness. Our results extend and improve some main results of [15, 28] .
In order to prove the main results, we need the following definitions and lemmas. Definition 1.1 (see [15] ). Let E, Y be two real topological vector spaces, X be a nonempty and convex subset of E, C : X → 2 Y be a set-valued mapping such that C(x) is a closed pointed and convex cone with apex at 0 for each 
is affine in the first argument and ∀x ∈ X, ∃v ∈ T(x), such that
Then T satisfies the generalized L-η-condition. H : X × X → Y is said to be 0-C(x) diagonally concave with respect to the second argument if −H is 0-C(x) diagonally convex with respect to the second argument.
, then the 0-C(x) diagonal concavity of H reduces to the 0-diagonal concavity of H in [38] . Lemma 1.6 (see [32] ). Let X and Y be two topological spaces. Suppose
set-valued mappings having open lower sections, then (i) the set-valued mapping
Lemma 1.7 (see [3] 
Main results
In this section, we will present some existence results of solutions for the two types of generalized vector quasi-variational inequalities without monotonicity and compactness. 
is a closed, pointed and convex cone with intC(x) = ∅ for each x ∈ X. Assume that the following conditions are satisfied.
(
upper semicontinuous on X with compact values and η : X × X → E is continuous with respect to the second argument, such that T satisfies the generalized L-η-condition. (iii) H : X × X → Y is continuous with respect to the first argument and 0-C(x) diagonally convex with respect to the second argument. (iv) There exist a nonempty and compact subset N of X and a nonempty, compact and convex subset
Proof. Define a set-valued mapping P : X → 2 X by
We first prove that x / ∈ Co P(x) for all x ∈ X. To see this, suppose, by way of contradiction, that there exists some pointx ∈ X such thatx ∈ Co(P(x)). Then there exists finite points y 1 , y 2 ,..., y n in X, and α j ≥ 0 with Now we prove that the set
is open for each y ∈ X. That is, P has open lower sections in X. Consider the set-valued mapping Q : X → 2 X defined by
(2.8)
We only need to prove that Q(y) is closed for all y ∈ X. In fact, consider a net x t ∈ Q(y) such that x t → x ∈ X. Since x t ∈ Q(y), there exists s t ∈ T(x t ) such that 
(2.11)
6 Generalized vector quasi-variational-like inequalities Then, it is clear that ∀x ∈ X, S(x) is convex, and x / ∈ S(x) = CoS(x). Since ∀y ∈ X, 
, ∃x ∈ X such that S(x) = ∅. Since ∀x ∈ X, D(x) is nonempty, we havex ∈ W, and D(x) ∩ Co P(x) = ∅. This impliesx ∈ D(x) and D(x) ∩ P(x) = ∅. Consequently,x ∈ D(x), and ∀y ∈ D(x), ∃v ∈ T(x) satisfying v,η(y,x) + H(x, y) /
∈ −int C(x). By Theorem 2.1 and Remark 1.2, we have the following corollary. a set-valued mapping such that C(x) is a closed, pointed and convex cone with intC(x) = ∅ for each x ∈ X. Assume that the following conditions are satisfied.
(ii) There exist a nonempty and compact subset N of X and a nonempty, compact and convex subset B of X such that ∀x ∈ X\N, ∃ȳ ∈ B, such thatȳ ∈ D(x) and 
Then, there exists a pointx ∈ X such thatx ∈ D(x), and
Then, there exists a pointx ∈ X such thatx ∈ D(x), and
Proof. Define two set-valued mappings P :
(2.18)
We first prove that x / ∈ Co(P 1 (x)) for all x ∈ X. To see this, suppose, by way of contradiction, that there exists some pointx ∈ X such thatx ∈ Co(P 1 (x)). Then there exists finite points y 1 , y 2 ,..., y n in X, and α j ≥ 0 with n j=1 α j = 1 such thatx = n j=1 α j y j and y j ∈ P 1 (x) for all j = 1,2,...,n. That is,
This contradicts to the condition (ii)(b). Therefore x / ∈ Co(P 1 (x)) for all x ∈ X. The condition (ii)(a) implies that P 1 (x) ⊇ P(x) for all x ∈ X. Hence, x / ∈ Co(P(x)), ∀x ∈ X.
The remainder of the proof is similar to that in the proof of Theorem 2.1. 
